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Abstract
This paper investigates a class of second-order functional di'erential equations with damping, and derives
two new oscillatory criteria of solution.
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1. Introduction
Oscillatory behavior of solutions for various classes of second-order di'erential equations with
damping has been widely discussed in the literatures (see, for example, [1–10] and the references
quoted therein). However, very little is known for the case of functional di'erential equations with
deviating arguments, especially the case with distributed deviating arguments. In this paper, we deal
with the following class of second-order functional di'erential equations with damping
x′′(t) + p(t)x′(t) +
∫ b
a
q(t; )f(x[g1(t; )]; : : : ; x[gm(t; )]) d() = 0; t¿ t0¿ 0; (1)
where p(t)∈C([t0;∞); R+), q(t; )∈C([t0;∞)× [a; b]; R+) is not identically zero on any [t;∞)×
[a; b], t¿ t0; gi(t; )∈C([t0;∞) × [a; b]; R), and lim inf t→∞; ∈[a;b] {gi(t; )} = ∞; i = 1; : : : ; m;
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f(u1; : : : ; um)∈C(Rm; R) has the same sign as u1; : : : ; um when u1; : : : ; um have same sign; ()∈
([a; b]; R) is nondecreasing, and the integral of Eq. (1) is a Stieltjes one.
The aim of this paper is to obtain the criteria for oscillatory solutions of Eq. (1). As the integral
of Eq. (1) is a Stieltjes one, it includes the following equations
x′′(t) + p(t)x′(t) +
m∑
i=1
qi(t)f(x[g1(t)]; : : : ; x[gm(t)]) = 0; t¿ t0¿ 0: (1′)
We restrict our attention to proper solutions of Eq. (1), i.e. to nonconstant solutions lying in
[T;∞) for some T¿ t0 and satisfying supt¿T |x(t)|¿ 0. A proper solution x(t) of Eq. (1) is called
oscillatory if it does not have the largest zero, otherwise, it is called nonoscillatory.
Based on the proof of literature [5], we have
Lemma 1. Suppose that x(t) is a nonoscillatory solution of Eq. (1). If
lim
t→∞
∫ t
t1
exp
(
−
∫ s
t1
p() d
)
ds=∞; t1¿ t0; (2)
then
x(t)x′(t)¿ 0 for any large t: (3)
2. Main results
Theorem 1. Suppose that (2) holds, and
(H1) (d=dt)gi(t; ) ≡ g′(t; ) exists, and g′(t; ) is nondecreasing with respect to ; i = 1; : : : ; m;
(H2) 9f=9ui exists, and 9f=9ui¿ i ¿ 0, ui 
= 0, where i ¿ 0 are some constants, i = 1; : : : ; m.
If for any large T
lim sup
t→∞
1
tm−1
∫ t
T
(t − u)m−3uk
[∫ b
a
(t − u)2q(u; ) d()
− [(t − u)(p(u)− (k=u)) + m− 1]
2
2
∑m
i=1 ig
′
i(u; a)
]
du=∞; (4)
then every solution of Eq. (1) is oscillatory.
Proof. Suppose that Eq. (1) has a nonoscillatory solution x(t). Without loss of generality, we may
suppose that x(t)¿ 0 for all large t. The case of x(t)¡ 0 can be considered by the same method.
From lim inf t→∞; ∈[a;b] {gi(t; )} =∞; i = 1; : : : ; m, there exists a t1¿ t0, such that x[g(t; )]¿ 0,
f(x[g1(t; )]; : : : ; x[gm(t; )])¿ 0, for t¿ t1 and ∈ [a; b]. It follows from Lemma 1, there exists a
t2¿ t1 such that x′(t)¿ 0; t¿ t2, and from the assumption of p(t) and q(t; ), we have
x′′(t) =−p(t)x′(t)−
∫ b
a
q(t; )f(x[g1(t; )]; : : : ; x[gm(t; )]) d()6 0; t¿ t2: (5)
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Let
y(t) =
tkx′(t)
f(x[g1(t; )=2]; : : : ; x[gm(t; )=2])
; (6)
then we have
y′(t) =
tkx′′(t)
f(x[g1(t; )=2]; : : : ; x[gm(t; )=2])
+
ktk−1x′(t)
f(x[g1(t; )=2]; : : : ; x[gm(t; )=2])
− 1
2
y(t)
f(x[g1(t; )=2]; : : : ; x[gm(t; )=2])
×
(
9f(x[g1(t; )=2]; : : : ; x[gm(t; )=2])
9x[g1(t; )=2]
x′
[
g1(t; )
2
]
g′1(t; )
+ · · ·+ 9f(x[g1(t; )=2]; : : : ; x[gm(t; )=2])9x[gm(t)=2] x
′
[
gm(t; )
2
]
g′m(t; ):
)
In view of the assumption of f(u1; : : : ; um) and (H2), we have
− ∫ ba q(t; )f(x[g1(t; )]; : : : ; x[gm(t; )]) d()
f(x[g1(t; )=2]; : : : ; x[gm(t; )=2])
6
∫ b
a
q(t; ) d()
and from x′′(t)6 0 and (H1), we have
y′(t)6−tk
∫ b
a
q(t; ) d()−
(
p(t)− k
t
)
y(t)
−1
2
y(t)
f(x[g1(t; )=2]; : : : ; x[gm(t; )=2])
m∑
i=1
ig′i(t; )x
′(t)
6−tk
∫ b
a
q(t; ) d()−
(
p(t)− k
t
)
y(t)− 1
2
(
m∑
i=1
ig′i(t; a)
)
y2(t)t−k : (7)
Thus, from (7), for any large t ¿ t3, we have∫ t
t3
(t − u)m−1y′(u) du6
−
∫ t
t3
∫ b
a
(t − u)m−1ukq(u; ) d() du−
∫ t
t3
(t − u)m−1
(
p(u)− k
u
)
y(u) du
−1
2
∫ t
t3
m∑
i=1
ig′i(u; a)(t − u)m−1u−ky2(u) du:
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Integrating by part, we obtain∫ t
t3
(t − u)m−1y′(u) du= (m− 1)
∫ t
t3
(t − u)m−2y(u) du− y(t3)(t − t3)m−1: (8)
Thus ∫ t
t3
∫ b
a
(t − u)m−1ukq(u; ) d() du
6 (t − t3)m−1y(t3)− (m− 1)
∫ t
t3
(t − u)m−2y(u) du
−
∫ t
t3
(t − u)m−1
(
p(u)− k
u
)
y(u) du− 1
2
∫ t
t3
m∑
i=1
ig′i(u; a)(t − u)m−1u−ky2(u) du;
i.e
1
tm−1
∫ t
t3
∫ b
a
(t − u)m−1ukq(u; ) d() du
6
(
t − t3
t
)m−1
y(t3)− 1tm−1
{∫ t
t3
[
(m− 1)(t − u)m−2 + (t − u)m−1
(
p(u)− k
u
)]
y(u) du
+
1
2
∫ t
t3
m∑
i=1
ig′i(u; a)(t − u)m−1u−ky2(u) du
}
=
(
t − t3
t
)m−1
y(t3)− 12tm−1
∫ t
t3


√√√√ m∑
i=1
ig′i(u; a)(t − u)m−1u−ky(u)
+
(t − u)m−2[(t − u)(p(u)− k=u) + m− 1]√∑m
i=1 ig
′
i(u; a)(t − u)m−1u−k


2
du
+
1
tm−1
∫ t
t3
(t − u)m−3uk[(t − u)(p(u)− k=u) + m− 1]2
2
∑m
i=1 ig
′
i(u; a)
:
Furthermore, we have
1
tm−1
∫ t
t3
(t − u)m−3uk
[∫ b
a
(t − u)2q(u; ) d()− [(t − u)(p(u)−
k
u) + m− 1]2
2
∑m
i=1 ig
′
i(u; a)
]
du
6
(
t − t3
t
)m−1
y(t3) (9)
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which implies that
lim sup
t→∞
1
tm−1
∫ t
t3
(t − u)m−3uk
[∫ b
a
(t − u)2q(u; ) d()
− [(t − u)(p(u)− k=u) + m− 1]
2
2
∑m
i=1 ig
′
i(u; a)
]
du6y(t3);
as t →∞, which contradicts (4). This completes the proof of Theorem 1.
From Theorem 1, we can obtain the following corollary.
Corollary 1. If condition (4) of Theorem 1 is replaced by
lim sup
t→∞
1
tm−1
∫ t
T
(t − u)m−1uk
∫ b
a
q(u; ) d() =∞; (10)
lim
t→∞
1
tm−1
∫ t
T
(t − u)m−3uk [(t − u)(p(u)− k=u) + m− 1]
2∑m
i=1 ig
′
i(u; a)
du¡∞; (11)
then every solution of Eq. (1) is oscillatory.
Theorem 2. Suppose that (2) holds, and
(H3) there exists a function (t)∈C ′([t0;∞); (0;∞)) such that (t)=inf s¿t {s;min16i6m {gi(s; )}};
′(t)¿ 0 and limt→∞ (t) =∞;
(H4) there exist constants N and  , such that
lim inf
|u1|→∞
∣∣∣∣f(u1; : : : ; um)u1
∣∣∣∣¿  ¿ 0; |ui|¿N; (i 
= 1);
(H5) there exists a function ’()∈C([a; b]; (0;∞)) such that ’()6 q(t; ); t¿ t0, and for any
∈ [a; b]; limt→∞(t; ) exists.
If for any large T
lim sup
t→∞
1
tm−1
∫ t
T
(t − u)m−3uk
[
(t − u)2
∫ b
a
’() d()
− [(t − u)(p(u)− k=u) + m− 1]
2
2′(u)
]
du=∞; (12)
then every solution of Eq. (1) is oscillatory.
Proof. Suppose that Eq. (1) has a nonoscillatory solution x(t)¿ 0. By using the same arguments
as in the proof of Theorem 1, there exists a t1¿ t0 such that x[g(t; )]¿ 0; f(x[g1(t; )]; : : : ;
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x[gm(t; )])¿ 0; x′(t)¿ 0; x′′(t)6 0 for t¿ t1 and ∈ [a; b]. Let
z(t) =
tkx′(t)
x[(t)=2]
; (13)
then
z′(t) =
tkx′′(t)
x[(t)=2]
+
ktk−1x′(t)
x[(t)=2]
− 1
2
′(t)z(t)
x′[(t)=2]
x[(t)=2]
=
tk(−p(t)x′(t)− ∫ ba q(t; )f(x[g1(t; )]; : : : ; x[gm(t; )]) d()
x[(t)=2]
+
k
t
z(t)− 1
2
′(t)t−kz2(t);
=−tk
∫ b
a q(t; )f(x[g1(t; )]; : : : ; x[gm(t; )]) d()
x[(t)=2]
−
(
p(t)− k
t
)
z(t)− 1
2
′(t)t−kz2(t); t¿ t2: (14)
From x′(t)¿ 0, we have limt→∞ x(t) = L exists.
(i) If L¡∞, then
lim inf
t→∞
∫ b
a q(t; )f(x[g1(t; )]; : : : ; x[gm(t; )]) d()
x[(t)=2]
¿ lim inf
t→∞
∫ b
a ’()f(x[g1(t; )]; : : : ; x[gm(t; )]) d()
x[(t)=2]
=
f(L; : : : ; L)
L
∫ b
a
’() d()¿ 0; t¿ t2: (15)
(ii) If L=∞, it follows from (H3) and (H4) that
lim inf
t→∞
∫ b
a q(t; )f(x[g1(t; )]; : : : ; x[gm(t; )]) d()
x[(t)=2]
¿ lim inf
t→∞
∫ b
a
q(t; )
f(x[g1(t; )]; : : : ; x[gm(t; )])
x[g1(t; )]
d()
¿ lim inf
t→∞
 
2
∫ b
a
’() d()¿ 0; t¿ t2: (16)
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Let $ =min{f(L; : : : ; L)=L; ( =2)}, for any large t3¿ t2, we have∫ b
a q(t; )f(x[g1(t; )]; : : : ; x[gm(t; )]) d()
x[(t)=2]
¿ $
∫ b
a
’() d(); t¿ t3: (17)
Furthermore, from (H5), we have
z′(t)6− $tk
∫ b
a
’() d()−
(
p(t)− k
t
)
z(t)− 1
2
′(t)t−kz2(t): (18)
Thus, similar to the proof of Theorem 1, we have
$
∫ t
t3
∫ b
a
(t − u)m−1uk’() d() du
6 (t − t3)m−1z(t3)− (m− 1)
∫ t
t3
(t − u)m−2z(u) du
−
∫ t
t3
(t − u)m−1
(
p(u)− k
u
)
z(u) du− 1
2
∫ t
t3
′(u)(t − u)m−1u−kz2(u) du;
i.e.
1
tm−1
∫ t
t3
∫ b
a
$(t − u)m−1uk’() d() du
6
(
t − t3
t
)m−1
z(t3)− 1tm−1
{∫ t
t3
[
(m− 1)(t − u)m−2 + (t − u)m−1
(
p(u)− k
u
)]
z(u) du
+
1
2
∫ t
t3
′(u)(t − u)m−1u−ky2(u) du
}
=
(
t − t3
t
)m−1
z(t3)− 12tm−1
∫ t
t3
[√
′(u)(t − u)m−1u−kz(u)
+
(t − u)m−2[(t − u)(p(u)− (k=u)) + m− 1]√
′(u)(t − u)m−1u−k
]2
du
+
1
2tm−1
∫ t
t3
(t − u)m−3uk[(t − u)(p(u)− (k=u)) + m− 1]2
′(u)
:
Furthermore, we have
1
tm−1
∫ t
t3
(t − u)m−3uk
[∫ b
a
(t − u)2’() d()− [(t − u)(p(u)− k=u) + m− 1]
2
2′(u)
]
du
6
(
t − t3
t
)m−1
z(t3) (20)
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which implies that
lim sup
t→∞
1
tm−1
∫ t
t3
(t − u)m−3uk
[∫ b
a
(t − u)2’() d()
− [(t − u)(p(u)− k=u) + m− 1]
2
2′(u)
]
du6 z(t3);
as t →∞, which contradicts (12). This completes the proof of Theorem 2.
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